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V. Conclusions

The proposed method provides a weighting matrix that achieves
pole placement for the LQR while making the weighting matrix
nonnegative definite by controlling its eigenvalues. The nonnegative
definiteness of the weighting matrix ensures desirable properties of
the regulator, such as large gain and phase margins. Therefore, the
method is a useful pole-assignment method for multi-input state
feedback control systems.
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Asymptotic Linear Quadratic
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Damped Structures
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1. Introduction

INEAR quadratic control has been used in many capacities for

controlled structures problems because of its ease in design
and insight it adds into problems such as robust control, structural
design, and actuator/sensor selection. Campbell and Crawley! de-
veloped a set of rules for the design of low-order, robust compen-
sators, called classically rationalized compensators, which utilizes a
rigorous examination of the single-input single-output (SISO) linear
quadratic Gaussian (LQG) compensator. Wie and Byun? compared
certain classical design methods with the LQG compensator. And
Crawley et al.? used both linear quadratic regulator (LQR) and LQG
controllers for the preliminary design of a controlled structure.

In experimental applications, however, linear quadratic con-
trollers suffer from important weaknesses such as high order and
low robustness.* Many design methods attempt to address these
concerns within the linear quadratic framework. This Note presents
a general form for the LQR and LQG compensators designed for
lightly damped structures, and examines the asymptotic properties
of these controllers. The asymptotes add insight into how the lin-
ear quadratic controllers compensate a flexible system, which can
be used to obtain classical design rules motivated by optimal con-
trol, improve the order and robustness weaknesses of these con-
trollers, and provide a framework for adding insight to other design
methods.
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II. Problem Statement
Consider a system

x = Ax + B,u + B,w

M

y=Cyx +v, z=0Cxx

in 2 x 2 block modal form, where the ith mode is given by

0 1 qi 0
Ai = 0 N X, = . s Bui =
—w; —2Gw; qi byi

0
B, = [b ] s Cyi = [Ccygi  €y4il, Coi = [Cagi Cy4il

Note that w is a vector of exogenous inputs (disturbances), and v
is a vector of sensor noises. The features of a structural system are
given: stable, lightly damped, and modally dense.

In transfer function form, the system is given as

n’zll} nzu
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III. LQR Controller

The LQR controller minimizes a quadratic cost with weightings
on the states and inputs:

oo
Jror = / (x7 Rexx + u” Ry u) dt 3

0

In this work, R,, is chosen to penalize the performance and R,, is
chosen to weight the inputs equally, or
Rxx=CzTCzZO, Ry=p-1>0 4

where p is a positive scalar. Minimization of the LQR cost yields a
matrix of optimal gains F for state feedback:

u=Fx=—R;'BI Px )

where P is the solution matrix of the algebraic Riccati equation
(ARE)

PA+A"P+ R, — PB,R,'B'P =0 (©6)

The Kalman filter minimizes the state estimation error where the

disturbance and sensor noise are assumed to be zero mean, Gaussian

processes that are uncorrelated in time. For this work, the covari-
ances are chosen to be

E{ww’}) =1, E{w'}=6-1>0 Q)

where 6 is a positive scalar. Note that a dual ARE exists for the
Kalman filter.

A. Expensive Control LQR Asymptote
To study the expensive control LQR problem, or as p tends to be
large, the solution matrix P is expanded in powers of /p:

P = /PPyt P+ (/D) +- - ®)
Substituting into Eq. (6), and collecting like powers,
OWP) PA+A"P =0 )

Oy PLA+A"P+ R, — PyBB"P, =0 (10)
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This is similar to the expansion by MacMartin,> where for an
undamped system, the O(,/p) expensive control LQR gain matrix
Fis

: 1 (w?B,)"
Jim F = 7 Z VIR v; {W}w{’ (11)

where v; and w; are the right and left eigenvectors of the A matrix,
respectively, and the H refers to the complex conjugate transpose.

Assuming the system is lightly damped, and because structures
are inherently stable, P, is identically zero from Eq. 9. Therefore,
Eq. (10) reduces to

PIA+ATPi+R, =0 (12)

The O(1) matrix solution P; of the ARE for the expensive control
problem is the observability gramian. Using state transformation
matrices, Gregory® showed that the observability gramian can be
made diagonal for lightly damped systems and therefore interpreted
more easily.

Assuming the system is lightly damped, and the modal spacing
is large, P, becomes block diagonal, or

T T
.| Wi [€2qiCrqi T 1 CrqiCagi T
Py =diag| — [ L=+l ci ), — [ L=+ .cpai
4¢; wiz AP A w? zqived

13)

where Py; refers to the ith block of P; and c,; and ¢,y are the
position and velocity entries in C,. Therefore, the gains on the ith
position and velocity states are

1 bl Cqu,'czqi T
Fyi =0, Fyi Z_ZKZ),(T + Cp4i Cagi (14)

The low-gain control effort expended by the LQR controller is to
add damping by using velocity feedback. Interpreting the velocity
gain, there is a proportional controllability term, an observability
term involving both the position and velocity states, and a time con-
stant term, and it is inversely proportional to the scalar weighting p.

The velocity gain is also related but not identical to the Hankel
singular values®

1 CT i Czqi
2 T 2qi T
= g ()| 09

where rriz is the Hankel singular value for the ith mode. Therefore,
another interpretation of why to retain modes in a model that has
large Hankel singular values is that those modes are what LQR tries
to control first.

The asymptotes for both lightly damped [Eq. (14)] and undamped
[Eq. (11)] systems predict the expensive LQR asymptote quite well.
Whereas the asymptote for a lightly damped system is more intu-
itive, the asymptote for the undamped system has a larger range of
applicability. For an undamped, single mode system, Eq. (11) accu-
rately predicts the LQR gain (<5% error) for 0-10% damping. In
the lightly damped case (1%), Eq. (14) predicts the LQR gain to the
same accuracy for only a 1-1.5% range of damping.

Nl—

B. Cheap Control LQR Asymptote

The cheap control LQR problem, or as p tends to be small, is much
more difficult to examine because the ARE contains a singularity.
Jameson and O’Malley’ used singular perturbation theory to find
the asymptotic solution of the cheap control LQR problem. The
complicated results of this theory, however, make it difficult to add
insight into how the controller compensates a structural system.

To gain more understanding of this controller, C,(sI — A)™'B,
is assumed to be right invertible and minimum phase. For this case,
Francis® showed that perfect control can be achieved and the matrix

solution P of the ARE tends to zero. Kwakernaak and Sivan® showed
that the cheap control LQR gains for this case are

lim F = (1/yD)WeC., WIWy =1 (16)
p—>

where W is an orthonormal matrix (or £1 in the SISO case).

For the case where C,(sI — A)~'B,, is nonminimum phase, the
solution matrix P tends to a constant, which mirrors the unstable
system resulting if P = 0 were to be used. A treatment of this case
can be found in Ref. 10.

Dual low-noise Kalman filter gains are found assuming C, (s —
A)~!B,, is left invertible and minimum phase:

lim H = (1/v8)B, Wy, Wiwy =1 (17)

where Wy is an orthonormal matrix (or =1 in the SISO case).

IV. LQG Compensator
The LQG compensator minimizes the H; norm from the distur-
bance to performance variables and is given by
K(s)= F(sI —A+B,F + HC,)"'H
(18)
= -1
=F[®'+HC,| H

where F and H are LQR and Kalman filter gains, respectively, and
&= (I—-A+B,F).
Using a matrix inversion lemma,

(A+BCD)'=A"'—AT'B(C'+DA'B)"'DA™"  (19)
the following series of simplifications can be made:

K(s) = F[® — dH(I + C,®H)"'C,®|H
(20)
= F®H[I + C,2H]™!

Splitting the compensator into two parts, and again using the matrix
inversion lemma,

FoH = F[o~' + B,F] 'H
2D
—[I + F®B,]"'FOH
and

1+C,3H = 1+C[o +B,F| H
22)
=1+C,®[I - B,(I+ F®B,)'FO|H

where ® = (s/ — A)~!. Substituting Eqs. (21) and (22) back into
Eq. (20),

K(s) =[I+F®B,J"'FOH
x {1+C,[1 - B,(1 + FOB) ' FO]H)  (23)
= [(1 +CyPHY(FOH) (I + FOB,) — cy<1>Bu]_1

A more intvitive form of the compensator is found by assuming
there is one performance, disturbance, input, and output:

FOH
K(s) = (24)
(1 +C,®H)(1 + F®B,) — C,®B,FOH

Although limited in its applicability, this form can still be used to
fully examine the LQG compensator for different topologies of a
SISO system and to interpret the controller in a classical manner.
To do this, two asymptotes are presented. The low-gain asymptote
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uses low noise and expensive control; because of its low gain, this
asymptote can add insight to the high-frequency region of an LQG
controller (after crossover). The high-gain asymptote uses low noise
and cheap control; because of its high gain, this asymptote can add
insight to the low-frequency region of an LQG controller (before
crossover).

A. Low-Gain LQG Asymptote

The low-gain asymptote is defined as the LQG compensator as the
sensor noise tends to be small (small ), and the LQR control tends
to be expensive (large p). Assuming C,® B, is minimum phase,
and using the low-noise Kalman filter gain matrix given in Eq. (17),
the LQG compensator reduces to

$B,
lim K(s) = F®B. (25)
00 C,®B, + C,®B,F®B, — C,dB,F®B,

This compensator design is a generalized result of the loop transfer
recovery method.!!

Using the expensive control LQR gain matrix F as derived in
Eq. (14), then

F®B,
lim K(s) = ——n (26)
80 C,®B,
p—>

Equation (26) is a ratio of two transfer functions with identical
denominators (same poles for each system). Therefore, the com-
pensator further simplifies to

e Fubuis [Tj=1 (57 + 26105 + of)

lim K(s) = izl @n
80 My (8)
pP— X

where F; are the LQR gains on the velocity states, ¢; and w; are the
ith damping ratio and frequency, and n,,,(s) is the numerator of the
disturbance-output transfer function.

The numerator of this compensator is a weighted mixture of the
poles of the system. Many times, the system has a dominant mode
as defined by the largest term F;b,,;. Ordering this mode first, the
compensator simplifies to

Fibus 1, (s +20ws +
Kig(s) = lim K(s)= —" [T-s ( s + )
2l

-0 Ryw
p—» 00

(28)

This compensator is the SISO low-gain LQG asymptote. Note that
an analogous asymptote can be defined for high noise (large 8) and
cheap control (small p).

The asymptote is a low-gain, rate feedback inversion of the
disturbance-output transfer function, except for the dominant mode.
Therefore, in addition to the obvious influences of the g,, (sta-
bility) and g, (performance) transfer functions, linear quadratic
control design is heavily influenced by the g,, and g,, transfer
functions.

B. High-Gain LQG Asymptote

The high-gain asymptote is defined as the LQG compensator as
the sensor noise tends to be small (smail 8) and the LQR control
tends to be cheap (small p). Assuming both C,® B, and C,® B,, are
minimum phase, and using the cheap control and low-noise asymp-
totes given in Eqgs. (16) and (17), the LQG compensator reduces
to

. 8w
KH(;(S): lim K(S): -
g0 i\/ﬁg_vm + ‘/ggzu + (gzug_vw - g_vugzw)

p—0
29

This compensator is the SISO high-gain LQG asymptote.
Interpretation of this asymptote is easier when considering a
closed-loop system with compensator K (s) for the simplified single

performance, output, disturbance, and input case. The disturbance
to performance transfer function is given by

8ew + (gzu:gvu _ gzung)K
w - - - 30
(&zw)crL T+ gk (30)

The term (g, 8yu — 8 &yw) is the determinate of the transfer func-
tion matrix given in Eq. (2). If this determinate is 0 (or small),
the asymptote (and low-frequency LQG controller) achieves per-
formance using very high gain. If this determinate is large (the most
common system) the asymptote achieves performance by creating
a subtraction in the numerator of the closed-loop disturbance to
performance transfer function. Because this type of control is quite
nonrobust, it is unlikely that the input-output pair would achieve
very good performance. This insight can be used to choose specific
input(s) and output(s) for controlling given disturbance(s) to perfor-
mance(s).

V. Conclusions

A thorough examination of the properties of the LQG compen-
sator has been conducted. The expensive LQR gains for lightly
damped structures are derived, which are nonzero on the rate states
only and are dependent on the controllability, observability, and time
constant of each particular mode.

A useful form of the SISO LQG compensator is derived, which
enables the examination of the asymptotic properties of the LQG
compensator. Assuming the disturbance-output transfer function is
minimum phase and contains a single dominant mode, for low noise
and expensive control, the SISO LQG compensator converges to a
low-gain, rate feedback inversion of the disturbance-output transfer
function, except for the dominant mode. This low-gain asymptote
represents the LQG controller at high frequency (after crossover).

Assuming both the disturbance-output and input-performance
transfer functions are minimum phase, the SISO high-gain LQG
asymptote is derived for low noise and cheap control and represents
the LQG controller at low frequency (before crossover). When the
transfer function matrix is singular, the asymptote is a high-gain
compensator. When the transfer function matrix is full rank, the
asymptote converges to a constant and creates a nonrobust subtrac-
tion in the numerator of the closed-loop disturbance-performance
transfer function, an insight that can be used for actuator/sensor
selection.
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Real-Time Optimal State
Feedback Control for Tethered
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Introduction

LTHOUGH many papers are devoted to the study of con-

trol problems of the tethered subsatellite systems, only a few
papers'™* treat the control problems as optimization problems.
Bainum and Kumar' introduced an optimal-control law based on
an application of the linear quadratic regulator (LQR) to the teth-
ered satellite system. They apply the tension control law, employing
feedback of tether length, in-plane angle, their rates, and the com-
manded length for the deployment and retrieval and stationkeeping
of the subsatellite; the performance index for the optimization prob-
lems is set to correct deviations from the instantaneous equilibrium
state at each time. No and Cochran? show that the LQR can be
applied to control stationkeeping and maneuvering of the tethered
subsatellite by utilizing the atmospheric aerodynamics, and the per-
formance index for the optimization problem is set to correct devia-
tions from the reference trajectory and to converge into the desired
state at the final time. Netzer and Kane® obtain an optimal-length
law of the tethered subsatellite system with the performance index
involving penalties on the terminal values of the states as well as on
the states and controllers throughout the maneuver, and the optimal
solution is used as a nominal path to follow. They show that the
LQR can be applied to derive tracking-type feedback control law
to decrease the deviation of the subsatellite from the nominal path
by using the thrusters. On the assumption that the control force is
only the tether tension and that no control force or energy dissi-
pation exists for motion perpendicular to the tether line, Fujii and
Anazawa* obtain an optimal path in the sense that the time integral
of squared tension plus squared in-plane angle is the performance in-
dex with inequality constraints on the control force. The Lyapunov
approach is applied to derive the tracking-type feedback control
law to follow the optimal path in Ref. 4. It is generally difficult to
obtain the optimal path by solving the two-point boundary-value
problem. To overcome this difficulty, Ohtsuka and Fujii® adopted
the stabilized continuation method,® which converts the two-point
boundary-value problem into the initial-value problem. Combin-
ing this method with the receding horizon control method,” they
have succeeded in developing the real-time optimal state feedback
controller.® This Note applies this real-time optimal state feedback
control to the deployment and retrieval control problem of the teth-
ered subsatellite and to determine the effective application of the
control.
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Tethered Subsatellite System

A tethered subsatellite connected to the Shuttle is illustrated in
Fig. 1. The center of attraction is denoted by O and the center
of mass of the Shuttle by C. The orthogonal axes X and Y are
defined along O C and along the orbital velocity vector, respectively,
both originating at C. The parameters m, /, and ® denote mass of
the subsatellite, length of the tether, and rotational angle of the
subsatellite in the orbital plane, respectively.

In this study, the following assumptions are made:

1) The tether has no mass, and thus its flexibility is ignored.

2) The mass of the subsatellite is sufficiently small with respect
to that of the Shuttle that C always remains in its nominal orbit.

3) The external force affecting the motion is only the gravitational
force caused by O. The orbit is circular, and only motion in the
orbital plane is considered.

4) The control force acts only along the tether through tension T,
and no control force or energy dissipation exists for motion perpen-
dicular to the tether line.

On the above assumptions, the dimensionless equations of motion
are obtained as follows:

A" — AO®? —2A0 —3Acos’©® = —T (0
O +2(A/A)O' +3sin® cos® +2(A'/A) =0 2)

where () = d()/dr, where T = ¢, ¢ is time, and 2 is the angular
velocity of the Shuttle in its orbit; A = {/L, where L is the desired
length for the deployment; and 7 = T/(mQ>L).

Real-Time Optimal State Feedback Control
for the Tethered Subsatellite System

Solution of the optimal control problem, in general, is obtained
by solving the two-point boundary-value problem, which consists of
Euler-Lagrange equations derived from the stationary condition of
augmented performance index with multiplier functions.” Numeri-
cal calculation is necessary to solve the two-point boundary-value
problem with iterative process because it is difficult to obtain an
optimal solution analytically. Several methods have been proposed
to solve the optimal control problem.!®~!2 These methods require a
suitable candidate of the initial guess because the accuracy of con-
vergence into the optimal solution depends on the initial guess. Such
a solution is, however, difficult to find, and an unsuitable solution
makes it difficult to satisfy the boundary conditions. To overcome
this difficulty, the two-point boundary-value problem is converted
into the initial-value problem by the continuation method™ in this
Note. The following performance index is considered for the teth-
ered subsatellite system:

1 1 (7.
J = gele—xp) +§R/ T2de 3)

=Ty 0

X

Shuttle

- Il

Tether

Subsatellite

Q‘/

O (O— Center of Attraction
Fig.1 Schematic of tethered subsatellite.




